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Introduction
Let G be a simple graph with vertex set V (G) and edge set E(G). The Laplacian matrix and the signless Laplacian matrix of G are defined as L(G) = D(G) − A(G) and Q(G) = D(G)+A(G) respectively, where A(G) is the adjacent matrix and D(G) is the diagonal matrix of vertex degrees of G. It is well known that both L(G) and Q(G) are symmetric and positive semidefinite, then we can denote the eigenvalues of L(G) and Q(G), called respectively the Laplacian eigenvalues and the signless Laplacian eigenvalues of G, by µ 1 (G) ≥ µ 2 (G) ≥ . . . ≥ µ n (G) = 0 and q 1 (G) ≥ q 2 (G) ≥ . . . ≥ q n (G) ≥ 0. Let |U| be the cardinality of a finite set U.
Grone and Merris [9] conjectured that for a graph with n vertices and degree sequence {d v |v ∈ V (G)}, the following holds:
|{v ∈ V (G)|d v ≥ i}|, for k = 1, 2, . . . , n.
Recently, it was proved by Bai [2] . As a variation of the Grone-Merris conjecture, Brouwer [4] conjectured that for a graph G with n vertices, S k (G) ≤ e(G) + k+1 2
, for k = 1, 2, . . . , n.
, and proved it holds for trees and threshold graphs. This was improved in [7] to the stronger equality as follows:
S k (T ) ≤ e(T ) + 2k − 1 − 2k−2 n , for k = 1, 2, . . . , n. Moreover, the conjecture was proved to be true for unicyclic graphs, bicyclic graphs, regular graphs, split graphs, cographs and graphs with at most ten vertices. For more details, we refer readers to the references [3] , [4] , [6] , [10] , [13] , [14] .
Motivated by the definition of S k (G) and Brouwer's conjecture, F. Ashraf et al. [1] proposed the following conjecture about S .
In [1] , the authors proved that Conjecture 1.1 is true for k = 1, 2, n − 1, n for all graphs, for all k for regular graphs and for all graphs with at most ten vertices.
In this paper, some useful notations and preliminaries are given in Section 2. By employing similar techniques to those applied in [6] or [14] , we give various upper bounds for S + k (G) and show Conjecture 1.1 is true for connected graph with sufficiently large k in Section 3, and prove Conjecture 1.1 to be true in Section 4 for the following cases: unicyclic graphs and bicyclic graphs for all k, and tricyclic graphs when k = 3.
Preliminaries
In this section, we introduce some notations and basic properties which we need to use in the proofs of our main results. For two graphs G and H, the union of G and H, denoted G∪H, is the graph whose vertex set is V (G) ∪ V (H) and whose edge set is E(G) ∪ E(H). Let nG denote n copies of a graph G. For H, a subgraph of G, G − E(H) is the subgraph of G whose edge set is E(G) \ E(H), while G − H is the subgraph of G induced by the vertex set
be the eigenvalues of any matrix M, and σ(M) = {λ 1 (M), λ 2 (M), · · · , λ n (M)} be the spectrum of M.
Lemma 2.1. ([8])
Let A and B be two real symmetric matrices of order n. Then for any
Lemma 2.2. Let G be a graph with n vertices, G 1 , G 2 , . . . , G t be the edge disjoint subgraphs of G such that E(G) = ∪ t i=1 E(G i ), where t ≥ 1. Then for any integer k with 1 ≤ k ≤ n,
Corollary 2.3. If Conjecture 1.1 is false for some integer k, then there exits a counterexample G such that S + k (H) > e(H) for every nonempty subgraph H of G. Proof. Let G be a counterexample of Conjecture 1.1 for some integer k, having the minimun number of edges. If G has a nonempty subgraph H with S
, which is a contradiction to the choice of G. Therefore, in order to prove Conjecture 1.1, it suffices to do so for connected graphs. Thus we only need to consider the following conjecture. Conjecture 2.6. For any connected graph G with n vertices and any k = 1, 2, . . . , n,
In this section, we give various upper bounds for S + k (G) in terms of the clique number ω and e(G), the maximum degree ∆ and e(G), the matching number m and e(G), respectively. Furthermore, we also show Conjecture 2.6 is true for connected graph with sufficiently large k, which plays an important role in the proofs of our main results.
Recall that the clique number of G is the number of vertices of a maximum complete subgraph of G. A matching M of G is a subset of E(G) such that no two edges in M share a common vertex. A maximum matching is a matching which covers as many vertices as possible. The matching number of G is the number of edges in a maximum matching of G.
Theorem 3.1. Let G be a graph with clique number ω. Then for any k = 1, 2, . . . , ω,
means that λ is an eigenvalue with multiplicity t. Thus, by Lemma 2.2,
Theorem 3.2. Let G be a graph with maximum degree ∆. Then for any k = 1, 2, . . . , ∆,
Theorem 3.3. Let G be a graph with matching number m. Then for any k = 1, 2, . . . , m,
and L(G) share the same eigenvalues.
By Lemma 3.4, Conjecture 2.6 is true for trees follows from Brouwer's conjecture is true for trees, that is, for any tree T with n vertices and any k = 1, 2, . . . , n,
Theorem 3.5. Let G be a connected graph with n vertices. Then
Proof. Note that G is connected. Thus G have a spanning tree, denote by T. From the Inequality (1) and Lemma 2.2, we have S
Corollary 3.6. Let G be a connected graph with n vertices. Then for an integer k with
Proof. Note that
. Then by Theorem 3.5,
Remark 3.7. Corollary 3.6 shows that for connected graphs with n vertices, Conjecture 2.6 is true when k is sufficiently large.
Theorem 3.8. Let n, k be positive integers with 1 ≤ k ≤ n, and G be a graph with n vertices and without isolated vertices. Then
Note that e(G i ) ≥ 1 for r + 1 ≤ i ≤ t since G has no isolated vertices. Then for r + 1
4 Conjecture 2.6 for unicyclic, bicyclic and tricyclic graphs
In this section, we prove that Conjecture 2.6 is true for unicyclic and bicyclic graphs with n vertices for all integer k, and for tricyclic graphs with n vertices when k = 3, where 1 ≤ k ≤ n.
Theorem 4.1. Let n, k be positive integers with 1 ≤ k ≤ n, and G be an unicyclic graph with n vertices. Then
Proof. The cases of k = 1 and k = 2 have been proved in [1] . Now we show k ≥ 3 holds. Since G is an unicyclic graph, e(G) = n. Then
Then by Corollary 3.6, we have S
Theorem 4.2. Let n, k be positive integers with 1 ≤ k ≤ n and k = 3, and G be a bicyclic (respectively tricyclic) graph with n vertices. Then
Proof. The cases of k = 1 and k = 2 have been proved in [1] . Now we show k ≥ 4 holds. Since G is a bicyclic (respectively tricyclic) graph, e(G) = n+1 (respectively e(G) = n+2). Then
By Theorem 4.2 and the fact that Conjecture 2.6 is true for all graphs with at most ten vertices, to show Conjecture 2.6 is true for bicyclic graphs with n vertices, we only need to show that it is true for bicyclic graphs for k = 3 and n ≥ 11. The following notations, put forward in [14] , and lemmas are needed in the proofs of our main results.
Let G 1 ∼ G 2 denote the graph obtained from G 1 and G 2 by connecting a vertex of G 1 with a vertex of G 2 . Let G 1 ≈ G 2 denote the graph obtained from G 1 and G 2 by inserting two edges between V (G 1 ) and V (G 2 ). The following two lemmas show that if Conjecture 2.6 holds for G 1 and G 2 , then the Conjecture 2.6 is also true for G 1 ∼ G 2 and G 1 ≈ G 2 .
Proof. Assume that k i of the k largest signless Laplacian eigenvalues of G 1 ∪ G 2 come from σ(Q(G i )), where i = 1, 2 and
Without loss of generality, suppose that k 2 = 0, then
Let T be an induced subtree of G. If G can be formed by connecting a vertex of T with a vertex of G − T, then T is called a hanging tree. for l = 1, 2, . . . , s, then for k = 1, 2, . . . , n,
Proof. It is clearly that G = (G − T ) ∼ T. Then by Inequality (1) and Lemma 4.3, the result holds.
Lemma 4.5. Let G i be a graph with n i vertices and e(G i ) ≥ 2, where
for k i = 1, 2, . . . , n i and i = 1, 2, then for k = 1, 2, . . . , n 1 + n 2 ,
Proof. The cases of k = 1 is trivial, and the case of k = 2 have been confirmed in [1] . We assume that k ≥ 3 in the following, and k i of the k largest signless Laplacian eigenvalues of G 1 ∪ G 2 come from σ(Q(G i )), where i = 1, 2 and k 1 + k 2 = k. Since e(G i ) ≥ 2, we have e(G 1 ≈ G 2 ) = e(G 1 ) + e(G 2 ) + 2 ≥ e(G i ) + 4 for i = 1, 2.
Without loss of generality, suppose k 2 = 0, then k 1 = k. Hence, by Lemma 2.2,
Let ψ(G, x) be the signless Laplacian characteristic polynomial of G, equal to det(xI − Q(G)). Let Q v (G) be the principal submatrix of Q(G) obtained by deleting the row and column corresponding to the vertex v.
Lemma 4.6. ( [11] , [12] ) Let G be a connected graph with n vertices which consists of a subgraph H(with at least two vertices) and n − |H| distinct pendant vertices (not in H) attaching to a vertex v in H. Then
Let ∞(p, q, 1) denote the bicyclic graph obtained from two cycles C p , C q by identifying a vertex of C p with a vertex of C q , where q ≥ p ≥ 3. Let ∞(p, q, t) denote the bicyclic graph obtained from a path P t and two cycles C p , C q by identifying a vertex of C p with one end of P t and a vertex of C q with the other end vertex of P t , where q ≥ p ≥ 3 and t ≥ 2. (see Fig.1 ) Fig.1 The graphs ∞(p, q, 1) and ∞(p, q, t)(t ≥ 2)
A bicyclic graph is called ∞-type if it is ∞(p, q, t) or it can be obtained by attaching some hanging trees to ∞(p, q, t), where q ≥ p ≥ 3 and t ≥ 1. We will show that Conjecture 2.6 is true for ∞-type bicyclic graphs when k = 3 and n ≥ 11. Theorem 4.7. Let n, k be integers with n ≥ 11 and 1 ≤ k ≤ n, and G be an ∞-type bicyclic graph with n vertices. Then
Proof. From Theorem 4.2, we only need to prove the case of k = 3. Let G be an ∞-type bicyclic graph with n vertices, then G is obtianed by attaching some hanging trees to ∞(p, q, t, ) where q ≥ p ≥ 3 and t ≥ 1. By Corollary 4.4, it will suffice to consider the ∞-type bicyclic graph G which is obtained by attaching some pendent vertices to ∞ (p, q, t) or G ∼ = ∞(p, q, t) .
Let e be an edge of P t in ∞(p, q, t), then G − e is the union of two unicyclic graphs. By Theorem 4.1 and Lemma 4.3, we get the desired result.
Case 2: t = 1. Let ∞ ′ (3, 3, 1) be the graph obtained from ∞(3, 3, 1) by attaching n − 5 pendent vertices to the common vertex of two cycles. If G ∼ = ∞ ′ (3, 3, 1) , then by Lemma 4.6 and direct calculation, ψ(∞ ′ (3, 3, 1 ),
. Otherwise, there exits two edges e 1 and e 2 of a cycle such that G − {e 1 , e 2 } is the union of a unicyclic graph and a tree with at least two edges. Combining the Inequality (1), Theorem 4.1 and Lemma 4.5, the result is obtained.
Let p, q, t be integers with p, q ≥ 3, and 2 ≤ t ≤ min{ }, θ(p, q, t) denote the bicyclic graph in which two cycles C p and C q share path P t . Clearly, the cycle C p+q−2t+2 has the maximum length among three cycles C p , C q , C p+q−2t+2 . A bicyclic graph is called θ-type if it is θ(p, q, t) or it can be obtained by attaching some hanging trees to θ(p, q, t). We will show that Conjecture 2.6 is true for θ-type bicyclic graphs when k = 3 and n ≥ 11. The following lemmas are essential in our proof.
Let U 1 n (a, b) be the graph obtained by attaching a and b pendent vertices to two vertices of a triangle, respectively, where a+b = n−3, n ≥ 4 and a ≥ b ≥ 0. Let U 2 n (a, b) be the graph obtained by attaching a and b pendent vertices to two nonadjacent vertices of a quadrangle, respectively, where a + b = n − 4, n ≥ 5 and a ≥ b ≥ 0. (see Fig.2 )
Proof. By Lemma 4.6 and direct calculation, we have
] + 11(n − 20 11
> 0. Combining the above arguments, we have 0
By Lemma 3.4 and U 
For n ≥ 11, define sixteen classes of bicyclic graphs with n vertices, denoted by
n , for which the structures of graphs in them are given in Fig.3 . For n ≥ 11, we also define three bicyclic graphs with n vertices, denoted by U For each graph G, let e 1 , e 2 be the edges as labeled in Fig.3 . Then the result follows from Lemma 4.11. For each graph G, let e 1 , e 2 be the edges as labeled in Fig.3 . Then the result follows from Lemma 4.11. Subcase 2.3.2: n 5 ≥ 6. Then by Lemma 4.12, we have 1 < q 2 (G 5 ) < 2.7 < 3 ≤ n 4 = q 1 (G 4 ), which implies that the first three largest signless Laplacian eigenvalues of G ′ are q 1 (G 4 ) = n 4 , q 1 (G 5 ) = n 5 , q 2 (G 5 ), that is, S Combining the above arguments, the result holds.
By Lemma 2.5, Theorem 4.2, Theorem 4.7 and Theorem 4.13, we have Theorem 4.14. Conjecture 1.1 is true for bicyclic graphs.
